Abstract. We obtain some results on symmetries of sub-Riemannian surfaces. In case of contact sub-Riemannian surface we base on invariants found by Hughen [12]. Using these invariants, we find conditions under which a sub-Riemannian surface does not admit symmetries. If a surface admits symmetries, we show how invariants help to find them. It is worth noting, that the obtained conditions can be explicitly checked for a given contact subRiemannian surface. Also, we consider sub-Riemannian surfaces which are not contact and find their invariants along the surface where the distribution fails to be contact.
Introduction
A sub-Riemannian manifold is a k-dimensional distribution endowed by a metric tensor on an n-dimensional manifold. At present sub-Riemannian geometry is intensively studied, this is motivated by applications in various fields of science (see, e.ġ. the book [14] , where many applications of sub-Riemannian geometry are presented; also, for interesting examples, we refer the reader to [3] , [16] , [18] , where applications to mechanics, thermodynamics, and biology are given). At the same time, various aspects of the theory of symmetries of sub-Riemannian manifolds are widely investigated because symmetries are always of great importance for applications [4] , [15] . Many papers are devoted to the theory of homogeneous (in part, symmetric) sub-Riemannian manifolds (see e. g. [7] , [8] , [12] , [21] ). The main investigation tool in these papers is the Lie algebras theory as is usual when we study homogeneous spaces.
In the present paper we study symmetries of sub-Riemannian surfaces, i.ė. of sub-Riemannian manifolds with k = 2 and n = 3. Our main goal is to give a practical tool (or an algorithmic procedure) for investigation of symmetries of a sub-Riemannian surface. The paper is organized as follows. In the first section we give in details construction of invariants of a contact sub-Riemannian surface using the Cartan reduction procedure (here we follow [12] ) and show how to calculate them. In the second section we demonstrate how to apply invariants to finding symmetries of a contact sub-Riemannian surface. Finally, in the third section we consider a sub-Riemannian surface without assumption that it is contact and find invariants along the "singular surface", where the distribution fails to be contact.
Contact sub-Riemannian surfaces
Let M be an n-dimensional manifold and ∆ be a k-dimensional distribution on M endowed by a metric tensor field (1) ∀p ∈ M, ·, · p : ∆ p × ∆ p → R.
Then (M, ∆, ·, · ) is called a sub-Riemannian manifold [14] .
In the present paper we consider a sub-Riemannian surface S = (M, ∆, ·, · ), i. e. a two-dimensional distribution ∆ on a three-dimensional manifold M , where ∆ is endowed by a metric tensor field ·, · . In addition, we assume that the distribution ∆ and the manifold M are oriented. Note that we do not suppose that any metric on M is given.
Throughout the paper we will denote the Lie algebra of vector fields on a manifold N by X(N ), and the space of covector fields by X(N ) * . Also the space of r-forms on N will be denoted by Λ r (N ).
1.1. G-structure associated with a sub-Riemannian surface.
Elements of theory of G-structures.
Recall notions and results of the theory of G-structures we use in the present paper (for the details we refer the reader to [14] and [13] ).
Tautological forms, pseudoconnection form, and structure equations. Let M be a smooth n-dimensional manifold, and π : B(M ) → M be the coframe bundle of M .
On B(M ) the tautological forms θ a ∈ Ω 1 (B(M )) are defined as follows [13] . For a point ξ ∈ B(M ) (ξ = {ξ a } a=1,n is a coframe of T p M , where p = π(ξ)), we set (2) θ a ξ : T ξ (B(M )) → R, θ a ξ (X) = ξ a (dπ(X)). Now, on a neighborhood U of a point p ∈ M , take a coframe field η = {η a }. This gives a trivialization α : π −1 (U ) → U × GL(n): to a coframe ξ at p ∈ U we assign (p, g) ∈ U × GL(n) such that ξ a =g For a coframe field η on U let us consider the pullback 1-formsη a = dπ * η a on U × GL(n) ∼ = π −1 (U ) ⊂ B(M ). Then A G-structure P → M is a principal subbundle of π : B(M ) → M with structure group G ⊂ GL(n). The tautological forms on P are the restrictions of θ a to P and will be denoted by the same letters.
Let us denote by g the Lie algebra of the Lie group G. A pseudoconnection form ω on a G-structure π : P → M is a g-valued 1-form on P such that ω(σ(a)) = a, where σ(a) is the fundamental vector field ( [13] , Ch. I, Sec. 5) on P corresponding to a ∈ a .
Given a pseudoconnection form ω, we have structure equations on P :
where the functions T a bc : P → R uniquely determined by equations (4) are called torsion functions, and the map T : (
Hence follows that
Let us define the Spencer operator δ from the space of tensors T 2 1 (R n ) of type (2, 1) to the space Λ 2 (R n ) ⊗ R n as follows:
(R n ) and we will denote the restriction of δ to g ⊗ (R n ) * by the same letter δ. Thus, (6) can be rewritten as follows:
From (8) it follows that one can correctly define the structure function:
G-equivariance of structure function. The group G acts on Λ 2 (R n ) ⊗ R n from the right as follows:
and one can easily prove that the subspace δ(g ⊗ (R n ) * ) is invariant under this action. Then we have the following G-action on T :
q c ] By cumbersome calculations, from the structure equations (4) one can obtain that
Remark 1. If ω is a connection, one can prove that T 
1.1.2. Cartan reduction. Let P → M be a G-structure. Let T = ⊔T α be the decomposition of T into orbits of the G-action (12) . Assume that the structure function c takes values in one orbit T 0 , only.
Fix τ 0 ∈ T 0 . Then
is the total space of a principal G 1 -subbundle of P , where
They say that the G 1 -structure P 1 → M is obtained by the Cartan reduction from the G-structure P → M .
1.2. G-structure associated to a sub-Riemannian surface. Let S = (M, ∆, ·, · ) be a sub-Riemannian surface. We say that a coframe
(1) η is positively oriented, and (
To a given sub-Riemannian surface S = (M, ∆, ·, · ) we associate the principal subbundle B 0 ⊂ B consisting of adapted frames. It is clear that the structure group of B 0 is
One can easily prove
Contact distributions. Let ω be a 1-form on a (2n + 1)-dimensional manifold M . The form ω is said to be contact if
A 1-form is contact if and only if ω is nonvanishing (hence the Pfaff equation ω = 0 determines a 2n-dimensional distribution ∆), and dω| ∆ is nondegenerate.
Let ∆ be a 2n-dimensional distribution on a (2n + 1)-dimensional manifold M . Denote by Ann(∆) the vector subbundle in T * M of rank 1 such that the fiber of
The distribution ∆ is said to be contact if for each p ∈ M there exists a contact section ω of Ann(∆) in a neighborhood of p. Note that this definition does not depend on the choice of ω: if ∆ is contact, then any nonvanishing section of Ann(∆) is contact.
We say that a sub-Riemannian surface S = (M, ∆, ·, · ) is contact if the distribution ∆ is contact. Theorem 1. Any contact sub-Riemannian surface S = (M, ∆, ·, · ) uniquely determines an SO(2)-structure B 2 → M and a connection on B 2 with the connection form
The 1-form α in (18) together with the tautological forms θ a give a coframe field on B 2 . The structure equations (4) are written as follows: 
Thus, we can make the Cartan reduction and pass to the G 2 -structure B 2 → M . We take
and set
is the total space of a principal G 2 -subbundle of B 1 , and
Step 3. The Lie algebra of G 2 is
and the structure function C(ξ) = τ 1 , for any ξ ∈ B 2 , hence the structure equations are written as follows:
and
acts on the basis elements as follows
Hence follows immediately that δ is a monomorphism.
From (42) we get that and so is six-dimensional.
However, by construction of B 2 , the structure function C takes values in the affine subspace
Hence follows that the structure equations have the following form
Let us now prove that the form α which satisfies (45) is unique, In
consider subspace N spanned by
It is clear that we have the direct sum
and {T (6)). Thuŝ α = α.
To finish the proof of the theorem it is sufficient to prove that in (45) v = w. From (45) we get dθ 3 = θ 1 ∧ θ 2 , then, again using (45), we obtain
Now we set u = a 1 , v = w = a 2 and from (45) get the structure equations (19).
Thus we have proved that for any contact sub-Riemannian surface S = (M, ∆, ·, · ) there exists an SO(2)-structure on M and a unique pseudoconnection form α such that the structure equations (19) hold true. The uniqueness of the SO(2)-structure B 2 will be proved later, in Corollary 1 of Proposition 2.
1.2.3. The functions a 1 , a 2 and 1-form α in terms of structure functions of a local frame. Let η = {η a } be a coframe field in a neighborhood U of p ∈ M which is a section of
b) The form α is expressed in terms ofC a bc as follows:
c) The functions a 1 and a 2 are expressed in terms ofC a bc as follows:
(51)
Proof. If a coframe field η = {η a } is a local section of B 2 → M , then the equations (3) are written as follows:
To (55) we substitute dθ a from (19) and then θ a from (53) and use (54), finally we arrive at
At the same time, dη a =C a bcη b ∧η c , hence we get that p 4 = 0 andC a bc are expressed as follows: The equations (60), (63), and the sum of equations (58), (62) give us p 1 , p 2 , and
, thus we prove claim b).
The equations (58), (59) Let Ω be the area form on ∆ determined by the metric ·, · . Since η a andη a are sections of B 0 , we have
By the same reason, we haveη
We restrict it to ∆ and from dη
so one can easily prove that a = b = 0.
Corollary 2. The function
From Corollary 1 it follows that the SO(2)-structure B 2 is uniquely determined by the sub-Riemannian surface S. As the coframe field θ 1 , θ 2 , θ 3 , α on B 2 is uniquely determined, we see that the functions a 1 , a 2 : B 2 → R as well as the form α are uniquely determined by S. Thus we get Corollary 3. The function M is an invariant of the sub-Riemannian surface S.
1.2.4.
Curvature of a contact sub-Riemannian surface. Let us write down (19) as follows:
Take the exterior differential of (72), then we get
To (75) we substitute (72)-(74) and get
In the same manner from (73) we get
Now we consider the expansions:
We will express P a and X ab in terms of A a and B b . To do it we substitute (78) to (76) and get
From this we get (80)
In the same manner, substituting (78) to (77), we get
From (80) and (81) we get
Thus only X 12 is undetermined, and we denote it byK. In this way we obtain 
Compare (83) It is clear thatĒ a are horizontal lifts of vector fields E a which constitute a local frame field on U , andĒ aC
The function K is called the curvature of S, and it is clear that K is an invariant of S.
We result our investigations of invariants of a contact sub-Riemannian surface in the following Theorem 2. Let S = (M, ∆, ·, · ) be a contact sub-Riemannian surface. Then, for any p ∈ M , in a neighborhood U of p a coframe field η = {η a } exists such that
do not depend on the choice of coframe field η with structure equations (90) and are correctly defined on M .
Symmetries of contact sub-Riemannian surfaces
A symmetry of a sub-Riemannian surface S = (M, ∆, ·, · ) is a local diffeomorphism F : M → M such that, for any p ∈ M ,
A vector field V ∈ X(M ) is called an infinitesimal symmetry if its flow consists of symmetries.
Theorem 3. Let S = (M, ∆, ·, · ) be a contact sub-Riemannian surface. Let η = {η a } be a coframe field in a neighborhood U of p ∈ M such that (90) holds true (η exists by Theorem 2), and {E a } be the dual frame field. a) For any infinitesimal symmetry V of S, a unique function f : U → R exists such that
b) Let M and K be the invariants of S ( see Theorem 2). Then, if V is transversal to ∆ and E 1 KE 2 M−E 2 KE 1 M = 0, the function ln f satisfies the following system of partial differential equations:
Proof. Let V be an infinitesimal symmetry of S, and φ t be the flow of V . As {E 1 (p), E 2 (p)} is an orthonormal frame of ∆(p), we have, by definition of infinitesimal symmetry (93), (94), that
From this follows that
and similar for [V,
On the other hand we know that the structure equations for the dual frame E = (E 1 , E 2 , E 3 ) are
From (103) and (104) we obtain the following equation system: (107) and (110) give (105) and (109):
Summing these equalities, we arrive at
12 E 2 f = 0 but, by the first equation in (102), this means that E 3 f = 0. Thus we have proved (95) and claim a).
Let us now prove b). As V is an infinitesimal symmetry of the sub-Riemannian surface S, we have
If we substitute (95) to (113), we get
Since V is transversal to ∆, and hence f does not vanish in U , we can divide both equations by f and obtain the system of linear equations in E 1 ln f and E 2 ln f :
, this system has the unique solution
To (116) and (117) we add E 3 ln f = 0, which follows from (95), and get the system (96). Thus we have proved b).
Remark 2.
If an infinitesimal symmetry V of S lies in ∆ at each point of an open set W , then f is zero, and, by (95), V is zero, too. So, nonvanishing V should be transversal to ∆ almost everywhere.
Remark 3. Theorem 3 can be used in order to prove that a sub-Riemannian surface S does not admit nontrivial infinitesimal symmetries. To do it, it is sufficient to prove that the integrability conditions do not hold for the system (96). The integrability conditions have the form:
However, if the integrability conditions (118) do hold for (96), one can use this system in order to find f and then V . In fact, we can take a natural frame field ∂ a and write E a = B b a ∂ b , Then the equation system (96) can be rewritten as ∂ a ln f = g a , and the solution can be found by the well-known formula:
hold. If D = 0, the system (115) may not have any solutions and this means that S does not admit any infinitesimal symmetries; or it may have infinitely many solutions, then we simply get an additional relation for f , which can be used in order to find infinitesimal symmetries by another method.
Examples of infinitesimal symmetries.
2.1.1. Heisenberg distribution. Consider the Heisenberg distribution ∆ given with respect to the standard coordinates in R 3 by the 1-form
For the metric on ∆ we take the metric induced from R 3 . By calculations, we get the following results:
(1) The SO(2)-structure B 2 → R 3 is given by the coframe field
The family of functions f which define symmetries f = A 1 + x 2 + y 2 , where A = const.
(6) The connection form 
The structure functions are,
The family of functions f which define symmetries f = f (y, z + xy) (6) The connection form
Noncontact sub-Riemannian surfaces of stable type
Let us consider a sub-Riemannian surface (∆, ·, · ). Now we do not assume that ∆ is contact, so we admit that the set
where ∆ is the kernel of the 1-form ω, is, in general, non-empty. However, we assume that Σ is a 2-dimensional submanifold in R 3 and the distribution ∆ is transversal to Σ.
Remark 5. The surface Σ does not depend on the choice of ω.
Remark 6. Any stable germ of a Pfaffian equation on a 3-dimensional manifold is equivalent either to the germ of the 1-form ω 0 = dz + xdy, or b) ω 1 = dy + x 2 dz, at the origin [23] . For a contact distribution ∆, the germ of ∆ at each point is equivalent to the germ of the distribution determined by ω 0 . If a distribution ∆ satisfies our assumption, then, for any point pinR 3 \ Σ, the the germ of ∆ at p is equivalent to the germ of the distribution determined by ω 0 , and, for p ∈ Σ, the germ is equivalent to the germ of the distribution determined by ω 0 .
3.1.
Nonholonomity function of sub-Riemannian surface. For the sub-Riemannian surface (∆, ·, · ) let us take a non-vanishing section ω of the bundle Ann(∆). Then, in a neighborhood U of each point p ∈ M take an positively oriented orthonormal frame field {E 1 , E 2 } of ∆. Then we define the function λ U : U → R, λ U (q) = ω([E 1 , E 2 ](q)). One can easily check that λ U does not depend on a choice of the frame field {E 1 , E 2 }, therefore if U ∩ V = ∅, λ U | U∩V = λ V | U∩V . Therefore, we have correctly defined function λ ω on M by setting λ ω | U = λ U . This function will be called the nonholonomity function of sub-Riemannian surface. Note that this function depends on the choice of form ω and on the metric on ∆.
Proposition 3. The nonholonomity function has the following properties:
where Ω is the area 2-form on ∆ determined by the metric.
Proof. a) is evident from the definition of nonholonomity function. b) In a neighborhood U of a point p take an positively oriented orthonormal frame field {E 1 , E 2 } of ∆ and a vector field E 3 such that ω(E 3 ) = 1. Then, {E 1 , E 2 , E 3 } is a frame field on U . We have dω(
This proves b).
c) By our assumptions, for any p ∈ Σ, with respect to a coordinate system, ω = e ϕ ω 1 , where ω 1 = dz + x 2 dy. From a) it follows that λ ω = e ϕ λ ω1 . Also, dx, dy, ω 1 is a coframe, hence dx ∧ dy ∧ ω 1 (E 1 , E 2 , E 3 ) = 0, then dx ∧ dy(E 1 , E 2 ) = 0. Therefore, λ ω1 = e ψ x, for a function ψ, and, hence, Σ ∩ U is given by the equation x = 0, and λ ω = e ϕ+ψ x. From this immediately follows the required statement.
d) For a positively oriented orthonormal frame field
3.2. Characteristic vector field. Let us denote by Ann(∆) the vector subbundle in T * M of rank 1 whose fiber at p ∈ M consists of 1-forms vanishing at ∆ p .
Proposition 4. For each point p ∈ M there exists a section ω of Ann(∆) in a neighborhood U (p) which admits a vector field V on U (p) such that L V ω = 0 and ω(V ) = 1. For a given ω this vector field is unique.
Proof. For p ∈ Σ we can take ω = dz+x 2 dy, for the other p we can take ω = dz+xdy with respect to an appropriate coordinate system (see Remark 6) . In both cases, the vector field V = ∂ ∂z has the required properties. Let us prove that, for a given ω, the vector field V such that L V ω = 0 and ω(V ) = 1 is unique.
Let us take a frame field E 1 , E 2 , E 3 on U (p) such that ∆ is spanned by E 1 and E 2 , and E 3 = V . Now let W be a vector field with the required properties, then 
\ Ω, and W 1 and W 2 vanish on U (p). Thus W = E 3 = V and the uniqueness has been proved.
If for p ∈ M , a nonvanishing form ω ∈ Ann(∆) on a neighborhood U of p for which there exists a vector field V on such that L V ω = 0 and ω(V ) = 1 will be called a special form at p, and V the characteristic vector field of ω. Note that, if ω is special at each point of an open set U ⊂ M , then on U we have a unique vector field V such that L V ω = 0 and ω(V ) = 1.
Let us consider the form ω = e ϕ ω. In general, ω is not special.
b) If p ∈ Σ and ω is special at p, then ω = e ϕ ω is special at p if and only if on a neighborhood U of p we have dϕ| ∆ = λ w ξ, where ξ is a nonvanishing 1-form on ∆ in U .
Proof. First note that if V is a vector field corresponding to a special form ω, then
Therefore, V is the characteristic vector field of ω if and only if ω(V ) = 1 and ι V dω = 0.
Let ω be a special form on a neighborhood U of p, and V be the corresponding characteristic vector field. Let us take a form ω = e ϕ ω and find conditions on ϕ for ω to be a special form.
First, ω( V ) = 1 if and only if V = e −ϕ V + W , where W ∈ X(∆), because ω(V ) = 1. Further, we have
As V is the characteristic vector field of ω, we have ι V dω = 0, hence follows
Assume that p does not lie in Σ, then, by Proposition 3, d), we have that dω| ∆ is nondegenerate form, so one can find a unique W such that dϕ(W ′ ) = e ϕ i W dω(W ′ ). By (123), with this W , i e V d ω = 0 on ∆. Also, if we substitute V to the right hand side of (123), then we get V ϕ e ϕ − V ϕ = 0, since ι W dω(V ) = 2dω(W, V ) = −ι V dω(W ) = 0. Thus, we have found W such that the corresponding vector field V = e −ϕ + W is the characteristic vector field for ω since ω( V ) = 1 and ι e V d ω = 0. Thus, the form ω is special, and we have proved a).
For p ∈ Σ, dω| ∆ = λ ω Ω, where Ω is the area form of the metric on ∆. Thus, if ω and ω are special, by (123) we have that
ϕ Ω(W, ·), therefore in this case we have that dϕ| ∆ = λ ω ξ, where ξ(
. Also, as before, we have ι e V d ω(V ) = 0, hence follows ι e V d ω = 0. Thus, ω is special and we have proved b).
Remark 7.
It is clear that any symmetry of the nonholonomic surface maps a special form to a special form.
3.3. Adapted frame. Assume that the distribution ∆ is given by a special form ω. In a neighborhood U of p ∈ M take a frame field constructed in the following way. Since λ ω vanishes at Σ and dλ ω = 0 at Σ, U is foliated by the level surfaces Σ c = λ
Moreover, since ∆ is transversal to Σ = Σ 0 , then ∆ is transversal to Σ c , too. We take E 1 be the unit vector field of the line distribution ∆ ∩ T Σ c on U , c ∈ (−α, β), (in fact, there are two such vector fields, they are opposite each other, we take one of them). The vector field E 2 ∈ X(∆) is such that E 1 , E 2 is positively oriented orthonormal frame field of ∆. For E 3 we take the characteristic vector field of ω. Let {η 1 , η 2 , η 3 } be the coframe dual to {E a }. Note that η 3 = ω.Then the structure equations are
From the coframe construction it follows that
Applying the exterior differential to (126), we get that
hence follows that
). Therefore λ 3 = 0 on Σ, and, as dλ ω = 0 on Σ we have that λ 2 = E 2 λ = 0 on Σ.
3.4.
Change of the coframe. It is clear that the frame {E a }, and so the coframe {η a }, is uniquely determined by the special form ω. Now let us find how the coframe and the structure equations transform under a change of the special form ω.
Let us take two special forms ω and ω = e ϕ ω, where dϕ| ∆ = λ ω ξ (see Proposition 5, b)). Let {η a } and {η a } be the corresponding coframe fields. Then from construction we have:
From (130) it follows that
The equation (126) 
As λ ω = 0 almost everythere in U , we have that the expressions in brackets in (133) vanish. Therefore, we arrive at the system
Thus we have found
Now it remains to find the function α in (130). To this end we use (127). We have
To (136) Thus we have proved Proposition 6. Let {η a } be the adapted frame determined by a special form ω, and {η a } be the adapted frame determined by a special form ω = e ϕ ω. 
Here functions ξ 1 , ξ 2 , and α are determined by ϕ in the following way:
where {E a } is the adapted frame dual to {η a }, µ is a function, and λ 2 = E 2 λ ω .
3.5.
Invarians of sub-Riemannian surface along the singular surface. Let {η a } be the adapted frame determined by a special form ω, and {η a } be the adapted frame determined by a special form ω = e ϕ ω. Then we have the structure equations: dη a = C 
Now, let us take the exterior derivative of (144) and take the result at a point of Σ, then we have, by (149) , that cos α = 1, sin α = 0, dα = 0. Also, by (147) and (148) 
